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We investigate kinetics of the uniformly driven bosonic A+B→0 reaction with on-site attractive interaction
in one dimension. In this model, ni

� particles from a site with ni particles are driven to the right. When particles
of opposite species occupy the same site, the reaction takes place instantaneously. Since ni

��ni for ��1, �

controls the on-site attractive interaction between like particles. The �=0 case corresponds to the hard-core
�HC� particle model. With equal initial densities of both species, we numerically confirm that the scaling
behaviors of density and lengths are the same as those of the uniformly driven HC particle system. Especially
the domain length l satisfies the power law l� t2/3. The kinetics of the reaction is independent of � as long as
��1. The �-independent kinetics results from the �-independent collective motions of single species domains.
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I. INTRODUCTION

The irreversible two species reaction A+B→0 has been
widely and intensively investigated among diffusion-limited
reactions because of its rich kinetics and wide applications to
various phenomena such as physics, chemistry, and biology
�1–6�. The reaction instantaneously takes place with a rate k
when two particles of opposite species encounter on the
same site. For homogeneous initial distributions with equal
densities of A and B, �A�0�=�B�0�, the density ��t� algebra-
ically decays in time t. In higher dimensions than the upper
critical dimensions �d�dc�, the kinetics follows the mean-
field rate equation and � decays as �� t−1 in time t. However
for d�dc, the kinetics is fluctuation-dominated to depend on
both the motion and the mutual statistics of particles �4–18�.

For isotropic diffusions, ��t� decays as ��t�� t−d/4 with
dc=4 �5–9�. However, when the motion of particles is not the
simple isotropic diffusion, the kinetics is completely
changed. With the global relative drift of one species to the
other, ��t� scales as ��t�� t−�d+1�/4 for d�3 �6�. When only
boundary particles of domains are relatively driven, the ki-
netics continuously changes according to the form of the
drift velocity �10�. For all cases mentioned above, the hard-
core �HC� constraint between identical particles is irrelevant
to the asymptotic kinetics. However, when both species are
uniformly driven to the same direction, the HC constraint
completely changes the kinetics. In one dimension, Jan-
owsky reported that � scales as t−1/3 for HC particles instead
of t−1/4 �11�. Since one expects that the motion of particles
under the Galilean transformation is isotropic, the t−d/4 decay
law for the isotropic diffusion is also expected in uniformly
driven systems. Furthermore, for the single species reaction
kA→0, the anisotropy of motion does not affect the kinetics
of HC particles �19�. Hence the result of Janowsky is rather
surprising. For the uniformly driven A+B→0 reaction with-
out the HC constraint, the uniform drift does not change the
kinetics, either �20�. Hence the interplay of the uniform drift
and the HC constraint is crucial for the anomalous t−1/3 decay
law.

As an attempt to understand the physical origin of the
anomalous decay law t−1/3, Ispolatov et al. suggested a scal-
ing argument based on the assumption that the motion of

particles in a single species domain follows the Burgers
equation �12�. From the drift velocity of a single interface
between A and B domains, they found that the domain length
l satisfies the equation dl /dt��, where l is defined as the
distance between the first particles of adjacent opposite spe-
cies domains. For the random initial condition of �A�0�
=�B�0�, � scales as ��1/�l �6� and thus l scales as l� t2/3

instead of t1/2 for the isotropic case. Hence, the anomalous
scaling of the domain length l may result in the anomalous
density decay. In d dimensions, l scales as l� t�5−d�/6. So �
decays as �� t−�d+1�/6 for d�2, t−d/4 for 2�d�dc�=4� �12�.
For d�2 the drift is irrelevant. In addition to the domain
length l, the interparticle distance �lAA� and the distance be-
tween two adjacent particles of opposite species �lAB� also
characterize the spatial organization of particles �7�. Jan-
owsky numerically showed that lAA and lAB scale as lAA
� t1/3 and lAB� t3/8, respectively �13�. Intriguingly, the scal-
ing of lAB is not changed by the drift. Using the scaling of
lAB, it was suggested that the domain length l scales as t7/12

�13�. The further extensive simulation results �14� supported
the result of Janowsky, but it conflicts with the prediction of
Ref. �12�.

Recently there have been some attempts to describe sys-
tems of HC particles in field-theoretic formalisms �16,21,22�.
Park et al. �16� systematically derived the �� t−1/3 decay law.
Even though the decay law of � is well understood from such
analytic formalisms, the scaling behaviors of various lengths
are not still convincingly conclusive. Since the asymptotic
scaling regime is extremely slowly approached due to strong
corrections �12,14�, it is difficult to observe the true scaling
behaviors directly via simulations. Hence it is desirable to
devise and study another model which exhibits the same
scaling behavior, but reaches the true scaling regime within
moderate simulation time. On the other hand, HC interaction
can be generalized by allowing multiple occupation with a
certain attractive interaction between particles on the same
site. The on-site attractive interaction would give more gen-
eral understanding about the scaling behavior HC particles
exhibit.

For this aim we introduce a two species bosonic model
with on-site attractive interaction. In this model, the HC con-
straint is replaced by the attractive interaction between like
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particles on the same site. For simplicity, we only consider
the particles driven to the right. To implement the on-site
attraction, n� particles from a site with n particles are made
to move simultaneously to the right nearest neighbor site.
When two particles of opposite species meet on the same
site, they annihilate instantaneously. For �=1, the whole par-
ticles at a site moves to the right so the �=1 case corre-
sponds to a noninteracting bosonic model. Since the number
of hopping particles �n�� is less than n for ��1, the attrac-
tive interaction between like particles on the same site exists.
Our model generalizes the HC interaction and enables us to
investigate how the kinetics of the reaction depends on the
interaction strength �.

Especially, for �=0, only one particle hops to the right
with the unit rate. Since only the right boundary particle of a
HC cluster hops with the unit rate, the �=0 case corresponds
to HC interaction �Fig. 1�. In some bosonic lattice gas model
only the top particle on the pile of particles at each site hops
to the bottom of the pile at the nearest neighbor site. In this
model, the order of particles is conserved, so that we call this
model the ordered bosonic lattice gas �BLG� model. It was
shown for the drift case that the motion of BLG particles
follows the Burgers equation as in HC particle systems �23�.
Since particles on a site are identical, the ordered BLG de-
scribes the motion of particles inside single species domains
of the �=0 case in our model. Hence the kinetics for �=0 is
expected to be the same as that for HC particles. For 0��
�1, n� is larger than one, but n� is still smaller than n.
Hence the interaction is weaker than HC constraint. How-
ever, the interaction for ��0 is stronger than HC interaction
because of n��1.

We study the kinetics of the reaction A+B→0 with the
hopping rate of a site D�n�=n� for random initial distribu-
tions with �A�0�=�B�0�. For the uniform drift of both species
to the right, we find for several values of � that the scaling of
�, lAA, and lAB coincide with the results of Refs. �13,14�.
However the domain length l scales as l� t2/3 �12� rather
than t7/12 �13�. Interestingly, the observed scaling behaviors
of density and lengths seem to be independent of � as long as
��1. In the next section, we introduce our model in detail
and present simulation results of several values of �. In Sec.
III, we discuss the collective motion of single species do-
main to understand the �-independent kinetics for the reac-
tion. Finally, we conclude with a summary in Sec. IV.

II. MODEL AND SIMULATION RESULTS

Our model is defined on the finite one-dimensional lattice
width of the size L. We always impose the periodic condi-

tion. Particles in our model are always uniformly driven to
the right. First, randomly select a site. If the selected site i is
occupied by ni particles, ni

���m� particles simultaneously
hop to the right with the unit probability. When ni+1 particles
of opposite species occupy the site i+1, the reaction ni+1
→ni+1−m occurs instantaneously. If m�ni+1, the m−ni+1
particles remain on the site i+1. Then, the color of the re-
maining particles becomes of the same type as the moved m
particles. When the same species occupies the site i+1, the
reaction ni+1→ni+1+m takes place.

We use the following algorithm for determining the num-
ber of hopping particles from a site i �m�. For ��0, the
number m�=ni

�� is not an integer. In that case, integer �ni
��

particles hop and then one particle hops with the probability
ni

�− �ni
��. The symbol �x� denotes an integer not greater than

the real number x. For ��0, only one particle among ni
particles attempts to hop with the probability ni

�. With ran-
dom initial distributions of �A�0�=�B�0�=1/2, we perform
Monte Carlo simulations on a chain of the size L=1�107 for
�=−1 and L=3�106 for other values of � up to t=107. We
average densities and various lengths over from 50 to 150
independent runs.

In Fig. 2, we plot the density of A species ��A�t�� and its
effective exponent defined as −	�t�=ln��A�t� /�A�t /b�� / ln b
with b=5 for �=1/2 , 0 , −1/2 , −1 , −2, respectively. For
the comparison with the HC particle model, we also plot the

FIG. 1. Motions of particles driven to the right. �a� Motions of
HC particles. Only boundary particles �gray boxes� can hop to the
right. �b� Motions of bosonic particles with �=0. A randomly se-
lected particle �gray box� hops to the right.

FIG. 2. �a� Plot of �A against time t. �b� Plot of effective expo-
nent 	�t� against t. The dotted horizontal straight line denotes
“	=1/3.” The line style of each line is the same in both panels.
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results for HC particles. The density �A�t� decays as �A

� t−	, and decays faster than that for HC particles in all
stages of time for ��1. Especially in the early stage, the
density decay becomes faster as � decreases for ��0, which
is reflected by bumps in 	�t�. After the early stage, �A�t�
slowly gets into the asymptotic scaling regime of 	=1/3.
From the scaling plot of t	��t� against t, we estimate 	
=0.329�2�, 0.331�3�, 0.333�2�, and 0.331�2� for �=1/2, 0,
−1/2, and −1, respectively which agree well with previous
studies �11–14�. For HC particles, we estimate 	=0.327�3�.
Hence our model approaches to the scaling regime faster
than the HC particle model does. For �=−2, we estimate 	
=0.37�1�. It indicates that the asymptotic scaling region is
not reached yet. The physical argument for the slow ap-
proach to the asymptotic scaling for the �=−2 case is dis-
cussed in the following paragraph.

To understand the slow approach to the asymptotic scal-
ing for the �=−2 case, we measure the maximum number of
particles occupying a single site at time t, Nmax�t�. By defi-
nition, the inequality ni�t��Nmax�t� always holds. Figure 3
shows the plot of Nmax�t� against t for several � values. In
early time, like particles pile up on several sites due to mul-
tiple occupation. Hence Nmax increases to a certain maximum
value, and after then decreases monotonously. The maximum
of Nmax and the time it takes to reach the maximum tend to
diverge as �→−
. Hence the time it takes to reach the
asymptotic scaling regime of Nmax�O�1� also diverges as
�→−
. For example, the maximum of Nmax for �=−2 is
reached at t�3�107. It means that the asymptotic scaling
regime of Nmax�O�1� is very slowly approached after t
�3�107. Hence the system already feels the finite size be-
fore t=107, which results in the larger estimate of 	. For this
reason, we perform simulations only for ��−2.

As shown in Fig. 2, our model approaches to the scaling
regime faster than the HC particle model does. Furthermore
the density decays faster as � becomes smaller. The
�-dependent decay continues until the system reaches the
asymptotic scaling region. Since a site may contain more

than one particle, the difference of the particle number be-
tween adjacent sites causes the difference of the particle ve-
locity between the sites. The velocity difference enhances the
reaction, which results in the fast decay of the density. To
explain the fast decay, we define the relative velocity be-
tween two adjacent sites. When the number of particles of
two adjacent sites i and j �j� i� occupied by opposite species
are ni and nj, respectively, the relative velocity of a particle
at site i to j is vij =ni

�−nj
�= �1− �ni /nj�−�� /ni

−�. For ��0 and
ni�nj, vij is negative so the reaction is accelerated. On the
other hand, for ��0 and ni�nj, a particle on the site j is
difficult to react with a particle on the site i due to vij �0.
For ni=nj, vij =0 and thus diffusive motions lead to the re-
action as in the HC particle model. As a result, the reactions
are much more enhanced between domain boundaries with
vij �0. The enhancement becomes more and more prominent
as �→−
 in early stage. Although Nmax decreases as the
scaling regime is approached, the enhanced reactions from
the difference of the number of particles should be still domi-
nant due to Nmax�1. The similar enhancement of reactions
also occurs for 0���1. For this reason, the densities of �
�1 decay faster than that for the HC particle model in the
whole stage.

Next, we present simulation results of various lengths
characterizing the spatial organization of particles. The aver-
age length of a single species domains �l� is defined as the
distance between the first occupied site of two adjacent op-
posite species domains. The length lAA and lAB are defined as
the interparticle distance between two adjacent particles of
the same species and of opposite species, respectively �7�.
The lengths algebraically increase in time t for �A�0�
=�B�0� as

lAA � t1/zAA, lAB � t1/zAB, l � t1/z. �1�

Figure 4 shows the scaling plots of lAAt−1/zAA for �=3/4,
0, −1. We obtain the best scaling plots with 1/zAA=1/3 for
�=3/4 and 0.332 for �=0, −1 respectively. For HC particle
system, the best scaling plot is obtained with 1/zAA=1/3 as
expected. For the length lAB �Fig. 5�, we obtain the best scal-
ing plot of lABt−1/zAB with 1/zAB=3/8 for �=3/4, 0, and 0.37
for �=−1, respectively. For HC particles, 1 /zAB=3/8 gives a
nice scaling plot as expected. The simulation results of lAA
and lAB agree very well with the prediction 1/zAA=1/3 and
1/zAB=3/8 of previous studies �13,14�.

For the domain length l, 1 /z=2/3 is predicted by Ref.
�12�, while 1 /z=7/12 is predicted and are numerically sup-
ported by Refs. �13,14�. Our simulation results support 1 /z
=2/3 rather than 7/12. Figure 6 shows the scaling plots of
lt−1/z for �=3/4, 0, −1 and HC particles. We obtain the best
scaling plots with 1/z=0.65 for �=3/4, −1, HC particles and
0.64 for �=0, respectively. These values are close to the
prediction 1/z=2/3 �12�. The inset shows the effective ex-
ponent 1 /z�t� defined as ln�l�bt� / l�t�� / ln b with b=5. The
effective exponent shows that our model reaches asymptotic
region faster than the HC particle model does. On the other
hand, 1 /z=7/12 indicates the violation of the relation �
�1/�l in the drift case, while 1 /z=2/3 satisfies the relation.
We check the relation of ��1/�l by investigating the scal-

FIG. 3. Plot of Nmax against t. The main plot shows Nmax for
�=−1, −2. In the inset, Nmax for �=1/2, 0, −1/2 are plotted.
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ing plot of �lx. We obtain the best scaling plot with x
=0.51�2� for several � and the HC particle model �not
shown�, which numerically confirm the relation ��1/�l in
this uniformly driven case. With 	=1/3, we also expect
1 /z=2/3 from the relation ��1/�l. Therefore our numerical
results agree well with the prediction of 1 /z=2/3 �12�.

Our simulation results indicate that the kinetics of the
bosonic reaction with the on-site attractive interaction does
not depend on the exponent ���1�. m�=ni

�� particles simul-
taneously hop to the right in our model, while only the
boundary particle can hop in the HC particle model. The m
hopping particles can be selected in various ways such as

random selection or the ordered selection from the top of the
pile. Hence no direct mapping between our model and the
HC particle model is available. In the ordered BLG model
�23�, it was shown that the dynamics of the density is de-
scribed by Burgers equation and the dispersion of the center
of mass �c.m.� scales as t4/3, which is the characteristic of
asymmetric exclusion process �ASEP� �24�. For the same
kinetics of our model as that of the HC particle model, col-
lective motions of single species domain should share the
important physical features of ASEP. However, to the best of
our knowledge, there are no such studies on bosonic model
with the present kind of the on-site attractive interaction. In
the next section, we discuss the collective motion of a driven
single species domain with the on-site attractive interaction.

III. THE COLLECTIVE MOTION
OF A SINGLE DOMAIN

For simplicity, we only consider particles driven to the
right. Particles of the same kind are randomly distributed on
a ring of size L, while matching the initial density �. When a
randomly selected site i is occupied by ni particles, m=ni

�

particles randomly selected and moves simultaneously to the
right. When the site i+1 has ni+1 particles, the coagulation
ni+1→ni+1+m takes place instantaneously.

We measure the dispersion of the center of mass ��c.m.
2 �

defined as �c.m.
2 =X2¯

c.m.− X̄c.m.
2 ·Xc.m. is the displacement of the

center of mass defined as Xc.m.=�i
Nxi /N, where N is the total

number of particles and xi is the displacement of the ith
particle from its initial position. The dispersion �c.m.

2 is 0 for
driven bosonic particles and scales as t4/3 for driven HC par-
ticles �24�. We perform Monte Carlo simulations for various
values of � from 1/2 to −1 on chains of the size L=104

with the periodic boundary condition. We average �c.m.
2 over

3�104 independent runs up to t=104 time steps. In simula-

FIG. 4. The scaling plot of lAA against t. The main plot shows
the scaling plot of lAAt−1/zAA. We use 1/zAA=1/3 for �=3/4, HC
particles and 0.332 for �=0, −1. We add −0.62 to the scaled value
of �=−1 and −0.02 to that of HC particles for the better presenta-
tion. The inset shows the double logarithmic plot of lAA against t.

FIG. 5. The scaling plot of lAB against t. The main plot shows
the scaling plot of lABt−1/zAB. We use 1/zAB=3/8 for �=3/4, 0, HC
particles and 0.37 for �=−1. We add 0.2, 0.4, and 0.5 to the scaled
value of �=3/4, 0, and −1, respectively, to avoid overlap. The inset
shows the double logarithmic plot of lAB against t.

FIG. 6. The scaling plot of l against t. The main plot shows the
scaling plot of lt−1/z. We use 1/z=0.65 for �=3/4, −1, HC particles
and 0.64 for �=0. The inset shows the effective exponent 1 /z�t�.
The solid and dotted horizontal lines in the inset correspond to
1/z=2/3 and 7/12, respectively.
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tions, we exactly set �=0.2 for �=1/2, �=0.5 for �=0, and
�=0.01 for �=−1.

Figure 7 shows the plot of �c.m.
2 t−L against t. �c.m.

2

reaches t scaling regime after the moderated transient time.
We obtain the best scaling plot with =1.38�1� for �=1/2,
and 1.37�1� for �=−1 and 0, respectively, which is slightly
larger than =4/3 for HC particles. In the ordered BLG
model �23�, the velocity of c.m. is given as vc.m.=1/ �1+��
when the particles drift to the right. For �=0 with �=0.5, we
estimate vc.m.=0.669�1� which agree well with the prediction
vc.m.=1/ �1+�� �23�. For �=0 with other densities, we also
confirm the prediction vc.m.=1/ �1+��. Hence we are con-
vinced that the �=0 case is kinetically the same as the or-
dered BLG model in spite of somewhat larger numerical val-
ues of . On the other hand, for ��0, there are no
theoretical predictions for vc.m. and �c.m.

2 . However the expo-
nent  indicates that the collective motions for ��1 are very
close to that for HC particles rather than that for bosonic
particles.

We conclude that the collective driven motions of par-
ticles with the on-site attractive interaction is kinetically the
same as HC particles as long as ��1. It results in
�-independent kinetics of A+B→0 reaction with on-site at-
tractive interaction.

IV. SUMMARY

In summary, we investigate the kinetics of uniformly
driven bosonic A+B→0 reaction with on-site attractive in-
teraction. In this model, the number of selected particles �m�
from a site with ni particles is given as m=ni

�, and these
particles are driven to the right. When particles of opposite
species occupy the same site, the reaction takes place instan-
taneously. Since m�ni for ��1, the exponent � controls the
strength of the on-site attractive interaction between like par-
ticles occupying the same site. The �=0 case corresponds to
the uniformly driven HC particle model, because only one
particle from a selected site hops to the right. Compared to
the �=0 case, the attractive interaction for ��0 is weaker
than HC interaction, while the interaction for ��0 is stron-
ger. Our model generalizes the HC interaction and enables to
investigate how the kinetics of the reaction depends on the
interaction strength. Our model gets into the asymptotic scal-
ing regime faster than the HC particle model does, since the
HC constraint is somewhat relaxed in our model by allowing
any particle on a site to move.

We perform Monte Carlo simulations in one dimension
for several values of � to measure the exponents of density
and various lengths, which exhibit power-law scaling for
�A�0�=�B�0�. The scaling behaviors of density and lengths
except the domain length l are the same as those of the HC
particle model �11,13,14�. The scaling behavior of l are close
to t2/3 �12� rather than t7/12 �13�. Interestingly, the kinetics of
the reaction is independent of � as long as ��1. To under-
stand the �-independent behavior, we investigate the collec-
tive driven motions of single domains. The dispersion of the
center of mass ��c.m.

2 � scales as t with =4/3 for driven HC
particles �24� and �c.m.

2 is zero for bosonic particles. For vari-
ous � values, we find that  is slightly larger than, but close
to, 4 /3. The collective motion of single domains is thus ki-
netically very close to that for the HC particle system. Fur-
thermore the motion is independent of �, which results in the
�-independent kinetics of the reaction. However for the
quantitative understanding of the collective motion, another
analytical study is needed.
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